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Abstract. In this paper, we study entire spacelike translating solitons in Minkowski 



o 

(N 

> I . space. By constructing convex spacelike solutions to (1.3) in bounded convex domains, 



we obtain many entire smooth convex strictly spacelike translating solitons by prescribing 
boundary data at infinity. 



1. Introduction 



Let M"+^ be the Minkowski space ,g) with the Lorentz metric 



> . i=i 

ps) ■ We will say that a hypersurface S = {{x,w{x)) \ x €z C M"^"*^ is strictly spacelike, if 

w E C^(r2) and \Dw\ < 1 in 0; S is weakly spacelike, ii w £ C^'^{Q,) and \Dw\ < 1 a.e. in 
' n. Here, C^'^{n) is the class of locally Lipschitz functions in 17. For convenience, we often 

I call strictly (weakly) spacelike hypersurfaces by the functions whose graphs are them. 



Mean curvature flow in Minkowski space is a family of smooth strictly spacelike em- 
beddings Xt = X{-,t) : MJ^ — )• M^l'^'^ with corresponding images Mt = Xt{W^) satisfying 
the following evolution equation 

on some time interval, where ^ is the mean curvature vector of Mt in M"^^. Every Mt 
is the graph of a function U{-,t) with \DU{-,t)\ < 1. Equation (1.1) is equivalent up to 
diffeomorphisms in M" to the equation 



VVl-l-Dt/P J 

where 'div' is the divergence on M". There is an important class of solutions for (1.2) in 
M" which moves by vertical translation. This solution is called Translating Soliton, i.e., 

Xn+l = U{x, t) = u{x) + t, 
1 
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where u satisfies the elhptic equation 

(1.3) div I , ^'^ I = , ^ in W. 

\^l-\Du\'^ J y^l-\Du\-^ 

Mean curvature flow in the ambient Minkowski space and Lorentzian manifold has been 
studied extensively (see [7] [8] [9] [10] [15] for example). Translating solitons can be regarded 
as a natural way of foliating spacetimes by almost null like hypersurfaces. Particular 
examples may give insight into the structure of certain spacetimes at null infinity and 
have possible applications in general relativity [8] . Convex translating solitons in Euclidean 
space R"'+-'^, namely, the graphic functions satisfy 

(1.4) div I , I = , ^ in 

\y/l + \Du\^J ^/l + \Du\^ 

are arising at type II singularities of mean curvature flow by Huisken and Sinestrari [13] [14]. 
X.-J. Wang in [20] showed that the convex solutions to (1.4) must be rotationally sym- 
metric in an appropriate coordinate system for n = 2, and constructed non-rotationally 
symmetric entire convex translating solitons for n > 3. 

In the case n = 1, uo{x) = log cosh x is a particular solution to (1.3). In [8], Ecker 
constructed a radially symmetric solution to (1.3) for general n. Later, H.-Y. Jian [16] gave 
a detailed discussion for this radially symmetric solution. In this paper, wc only consider 
the case n > 2 and construct many entire smooth convex strictly spacelike translating 
solutions which are asymptotic to all the functions in Q but linear functions at inflnity. 

Here Q is a set deflned as follows: iiweQ, then u; is a convex homogeneous of degree 
one function and \Dw(y)\ = 1 for any y G where the gradient exists. Each function 

w ^ Q could be represented as 'w{x) = sup;^g^(A,x) where A C S"^^ is a closed set of 
unit vectors and ( , ) is the standard inner product in M". Conversely, for every closed 
set A C S"""^, sup;^g^(A,x) G Q (please see [4] [19] for details). For any weakly spacelike 
function w in R"^, we define 

Vw(x) = lim 

r—>oo T 

if such a limit exists for every x G M". And we say that Vw is the blow down of w. The 
blow down is well-defined for convex weakly spacelike functions [19]. 

A famous Calabi-Cheng-Yau [3] [6] result tells us non-existence of nontrivial complete 
maximal spacelike hypersurface in Minkowski space. Cheng- Yau [6] also showed that 
any spacelike hypersurface S of nonzero constant mean curvature has nonpositive Ricci 
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curvature, namely that the function whose graph is S is convex (see also [19]). For every 
function V e Q but linear functions Treibergs in [19] could find a function u blowing 
down to V and the graph of it is a strictly spacelike constant mean curvature hypersurface. 
Compared to this work of Treibergs we get the following Theorem for translating solitons. 

Theorem 1.1. Let Q be defined as above. For n > 2 and any function V in Q except 
linear functions there is an entire smooth convex strictly spacelike solution u to (1.3) such 
that u blows down to V, namely, Muir-^^ _ y(^x) for each x G M". 

In [1], M. Aarons gave a conjecture which asks: For a > 0, whether there is a solution 
u of 



which blows down to every V in Q. 

We may use the technique for proving Theorem 1.1 to study (1.5) with c > 0, and 
obtain an existence result for (1.5) in § 6. 

Every entire spacelikc graph with constant mean curvature hypersurface in M"^^ is 
complete [6]. However, translating solitons in M"+^ may be not complete, and the mean 
curvatures must be unbounded. A nature question is whether every entire strictly spacelike 
function u to (1.3) is convex? H.-Y. Jian also asked this question in [16]. 

In the present paper, we find a variational functional F defined by (2.1) for equation 
(1.3), and show that any translating soliton is maximal for F, namely, any variation with 
compact support do not increase its area under the weight e^^"+^(scc Theorem 2.1). This 
help us to establish a comparison principle of weak solutions to F. By constructing barrier 
functions we study light ray within the weak solution hypersurface, which plays a key role 
for showing that the limit function of a sequence of strictly spacelike solutions to (1.3) is 
strictly spacelike. 

Through a calculation for the second fundamental form of translating solitons, convexity 
of the bounded level set for any solution to (1.3) could imply convexity of the corresponding 
sublevel set with a restriction of the mean curvature of the level set. Then it is able to 
solve a class of Dirichlet problems in smooth bounded convex domains, see Theorem 
4.6. We construct auxiliary functions to seek out a sequence of convex solutions {■Ufe} to 
(1.3) in different bounded domains which is asymptotic to prescribing function at infinity. 



(1.5) 
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Convexity of Uk could enable us to get the uniform bound for Hessian of n^, which is 
crucial to show that their limit u is the desired function in Theorem 1.1. 

Acknowledgement The author would like to express his sincere thanks to Yuanlong 
Xin for his continuous support and valuable comments on this paper. 



2. Translating solitons from variational view 



In this section, we always suppose that $7 is a bounded domain in R". Let M = 
{{x,u{x)) \ X E Q} he a, weakly spacelike hypersurface in M.^'^^ with volume element 
dfi = ^1 — \Du\'^dx. We define a functional F by 

(2.1) F{M)= I e-^"+M/x= / e-''^^^y/l-\Du\'^dx. 

Jm Jn 

If u is smooth and \Du\ < 1 in Q, then M is a Riemannian manifold with the metric 

gijdxidxj, where gij = dij — UiUj. Let ( , ) be indefinite inner product in M""*"^ endowed 
by the Lorentz metric g (This definition does not conflict with n-dimensional Euclidean 
inner product ( , ) in § 1). The normal vector field u = , ^ ^ ( 'Y^^=i UjEj + En+i) 
satisfies {u, u) = —1, where -Ei, • • • , E^+i is the unit natural basis of R""*"^. 

If Ms is a variation of M with s G (—1, 1) and Mq = M, where the variation vector 
filed Mq = fu and / is smooth with / |aMo= 0- By a calculation (see [21] for Euclidean 
case or (2.16) for W = 0), we have 

(2.2) ^F{Ms) = [ {-fH-f{u,Er,+i))e---+^dfi, 

where i7 = div , „ . We wiU say that M is a critical point for the functional F if 
\^i-\Du\y ^ 

it is critical with respect to all normal variations in M. Hence, M is a critical point for F 
if and only if the mean curvature of M satisfies 

(2.3) H = -{u,En+i). 

(2.3) is just (1.3). Let g^^ = Sij + ^rq^^, then (1.3) can be rewritten as 

(2.4) Yl a'^uij = J2 + r=i§^ ) ""'^ = ^■ 

i,j i,j 

Let be a weakly spacelike function on Q and C{ip, O) be a set defined by 
{w e C^'^{n)\ w = ip on dn, and |i:>u;| < 1 a.e. in O}. 
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For any e > 0, denote Cl^ = {x e inf^ggQ \x—y\ > e} and Q,^ = {x e M"| inf^^gn \x—y\ < 
e}. By the boundedness of and fl^ are both closed sets. Let phe a smooth function 

with compact support in i?i(0) C M" and f^n p{x)dx = 1. Let iWg be a moUifier of weakly 
spacelike function w G C{ip,VL) defined by 

(2.5) »,(x) = , p,)(.) - / p(,)»(x - for x e fi.. 

Then 
(2.6) 

\Dwe{x)\^ =y2, / P{y)dxiw{x - €y)dy < / p{y)dy p{y)\da;iW{x - €y)\'^dy 

= / - < / p{y)dy = i- 

Moreover, ^ u; uniformly and Dwe Dw a.e. in any compact set K C ^. 

Theorem 2.1. Let be a bounded domain in and u be a smooth strictly spacelike 
solution to (1.3) in CI. Set M = {{x, u{x))\ x G O}, then for any bounded weakly spacelike 
hypersurface S C M^"^^ with 5S = dM, one has 



(2.7) / e-^"+idVs < / e-^'^+'dYM, 

where the above inequality attains equality if and only ifT, = M. 



Proof. There is a domain O with CC O such that u can be extended to Q, smoothly, 
and we may assume \Du\ < 1 in Q. S can be written as {{x,w{x))\ x ^ Q,} for some 
w G C{u,Cl). Since w\q^ = u\q^, then we extend u; to J7 with w^l^^^^ = ^If^^f^- Clearly, 
there is a eg > such that il^" C ^. Since u is smooth in il'^", then there exists a constant 
C depending only on n and sup^eo such that for any < e < ^ and x ^ Q,'^ one has 



(2.8) \D{u* pe){x) - Du{x)\ = [Y] / p{y)(dxiU{x - ey) - dxiU{x))dy 



1 

2\ 2 



< Ce. 



Set We = (w — u) * pe and = (1 — Ce){we + u). Then Wf_ is a smooth function in Q.~ 
and We{x) = (1 — Ce)u[x) for any x G d^*" and < e < Moreover w^^ w uniformly 
and Dwe — > Dw a.e. in fi. By (2.8), in O*^ one obtains 

\DWe\ =(1 — Ce)\D{w * Pe — U* Pe+u)\ 

(2.9) <(1 - Ce)\D{w * p,)| + (1 - Ce)\D{u * Pe - u)\ 

<1-Ce + Ce{l -Ce) = l- C^e^. 
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Let Me = {(a::,(l - Ce)u{x))\ x G Q^} and Eg = {{x,We{x))\ x G ft^}, then they axe 
both smooth strictly spacehke hypersurfaces with dM^ = Let be the domain 



enclosed by and . Let v = y^l — \Du\'^ and y be a vector field in Mg defined by 



^-^ V V 



Viewing Ui and v as functions of xi, • • • , a;„ and translating 1" to along the axis. 
Then we obtain a vector field in D^, denoted by Y , too. Let V and div be Lcvi-Civita 
connection and divergence on M^"*"^ with the Lorentz metric g, respectively. Prom [11], 
one has 

di^(y) =^(VE,y,E,) - {VE^^,Y,En+i) 

i 

= Y,{Ei, [Ei,Y]) - {En+l, [En+l,Y]) 
i 

i ^ ' 

= E^-^ (-) e-^--^--e- 



(2.10) 



Let i/g, i/s^ be the timelike future-pointing unit normal vectors of Mg, respectively, then 
by Gauss formula (see [11] for example), up to a minus sign we have 

(2.11) / di^(y)=/ {Y,u,)dVM,- f {Y,v^:)dV^^. 

In fact, let the orientation of dD^ direct timelike future-pointing in Mg \ Eg and direct 
timelike past-pointing in Eg \ Mg. Let (71,- •• ,7n+i) with 7^^i — Ylilf = 1 be the 
timelike unit normal vector of dD^ \ (Mg fl Eg) with respect to the orientation of dD^. Set 
(7I) • ■ ■ )7n+i) be an arbitrary constant vector in Mg n Eg, then we have 

^ di^(y) = -j^{Y. (^^"'"^O + ^^-^^ ^'^^^■■■^ ^^^-+1 

= y{-iy [ -e-^"+idxiA---d^"i---Adx„+i + (-l)"+^ / 
JdD^ V Jq 

■ JdD, V Jqd, V 

= / {Y,u,)dVM,+ [ {Y,-uj,^)dVj:^. 



dxi A • • • A dxr^ 
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If ^ and 77 are timelike future-pointing vectors in M""^^, then reversed Cauchy-Schwarz 
inequality implies (see[18] for example) 



Substituting it into (2.11) gives 

/ di^(y)-/ {Y,u,)dVM,=- I {Y,i^,)dV,:^ 
(2.12) ^""^ ^^^^ 

JSe J'Ee 

The inequality (2.12) arrives at equality if and only if y parallels i^j]^. By (1.3), div(y) = 
in Q. Since u is strictly spacclikc, then div(y) — >■ as e ^ 0. Combining {Y, v^) 
_Q-x„+i QT^^ (2.12), we obtain the desired result. □ 

For any function w with \Dw\ < 1, we define a differential operator by 

^-E(%^T^) 



12 \ '^iy 



i',3 
-<2 



Lemma 2.2. Let u,u,u be three C strictly spacelike functions satisfying Cu = l,Cu < 
1, Cu >1 inO,, then 

u{x) — u{x) < sup (u{y) — u{y)) for x & 

(2.13) 

u{x) — u{x) > inf (u{y) — u{y)) for x E O,. 
Proof. Let w = u — u, then 

^ „ ^i^^j \ ( UiUj UiUj \_ 

<cu -cu= [s,j + J + [y^j^, - YzrjBW ) 

UiUj \ {\Du\'^ — \Du\'^)uiUj + (1 — \Du\'^){uiUj — UiUj)_ 



(2.14) = 5ij + , \' + 



1 - ; ^ (1 - |L>n|2)(l - 

UjUj \ u,aj{iii, +T7/,;)ir/,. + (1 - |L';(|-)((/', «j - lIiWj)_ 



^''^ l-lDuiy"^''^ (1 - |L>n|2)(l - |D«|2) 

By the maximum principle of elliptic equations, we have w{x) < sup^^g^n w{y) for each x G 
CI. Clearly, one could prove the second inequality in Lemma 2.2 by the same method. □ 



Let W he a continuous function in CI. We define a functional F\Y,n on a function 

w G C{(p,Q) by 

FwA^) = J e""" (Vl - \Dw\'^ + dx. 
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Denote Fo^q{-) hy Fq{-) for simplicity. The Dirichlet problem 



(2.15) 



H^v . - , ' =^ inn, 



^ w{x) = (p{x) for X G 90, 

raises from the Euler-Lagrange equation of the variational problem swp^^(^^^ Q^ Fw,n{z). 
In fact, for any 77 G C^{Q) a simply calculation gives 



d_ 
di 

(2.16) 

Dw 



Fw,n{^ + tv)= [ i -??e-"' (^/l-\Dw\^ + w) - e-"'^^=£ 



w . 



\Dw\^ J y/l - \Dw\^ ^ 

Lemma 2.3. Let u be a strictly spacelike function to (2.4) in O with u\g^ = ip. Let 
ipi , If 2 be weakly spacelike functions in O and Wi be a nonpositive continuous function 
and W2 be a nonnegative continuous function in ft. If Wi G C((^i,J7) and -PWi,n('*^j) = 
s^PweCi^i,n) Fwuni"^) for ^ = 1, 2, then 

u{x) < wi{x) + sup (99 — 99i) for x E CI 

(2.17) 



u 



(x) > woix) + inf (ifi — (fio) for x G O. 
an ^ I- / 



Proof. Let C = sup^Q (v' — V^i); e be a small positive constant, w* = wi + C + e and 
0+ = {x G 0| M(a;) > w*{x)}. Assume 0+ 7^ 0. 

Clearly, 0+ C O and u{x) = w*{x) on 00+. By iVi,Q+(tL'*) > -^vKi,q+(w), we conclude 

/ e-""* ^/l^^\D^dx=Fw^^+{w*)- [ e-'^'Widx 
Jn+ ' Jn+ 

>Fw,,n+{^)- [ e-^*Widx 

(2.18) 

= / e-"Vl - + / f e^'^ - e-"'*) Widx 

Jn+ Jn+ ^ ' 

> [ e-"Vl - \Du\'^dx. 
Jn+ 

Theorem 2.1 implies Fq+{w*) < Fq+{u), then Fq+{w*) = Fq+{u) and Wi = 0. Hence 0+ 
is empty by Theorem 2.1. Letting e — ^ yields the first inequality in (2.17). The second 
inequality in (2.17) could be showed similarly. □ 

Remark 2.4. Lemma 2.3 can be seen as a weak version of Lemma 2.2, if we set Wi = 
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3. Barrier functions and applications 



For K eR, let 

(3.1) wkU) = / ds and WK(t) = / =ds for t> 0. 



Vs^" + 



Then 



= 0, 



and 
(3.3) 



£WK 



w 



K 



n — 1 
7-^2 + — ^^if 



Moreover, \imK^±oo WRit) = \imK^±oo'WK{t) = ±t. 

Now we give an existence theorem for an ODE arising from (2.4). 

Theorem 3.1. For any constant C G {—r,r) and r > 0, the following ODE: 

n—\ I 



(3.4) 



+ 



1 for t G (0, r) 



\-{<^'Y ■ t 

^ (f)(r) = C, 0(0) = and < 1, 

has a unique smooth solution 4>q in (0,r). Furthermore, if r^ < {n — 1)C and Ki > is a 
constant with wki (r) = C , then 

-t<<po{t) <WK,{t) for t e [0,r]. 
r 

If C < 0, r < 1, K2 < is a constant with wxiif) = C and iff ^ > then 

WKAt)<Mt)<-t for te[0,r]. 
r 



Proof. We consider a family of approximation equations: 

n - 1 ^, 



(3.5) 



+ 



■ t 

^ (j){r) = C, 4){e) = and < 1. 



1 for i € [e, r), 



Clearly, (3.5) has a smooth solution (j)^ on [e,r) for < e < r — |C|. For any fixed 
5 G (0, r) there is a sequence {cj} such that (pc^ <t>o uniformly in [(5, r) as — > 0. Then 
00 e CO'n(0,r)), 0o(r) = C, 0o(O) = and |0'o| < 1 a.e.. 
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If there is a subsequence — >■ (we denoted it by ej) such that <p'^.{to) a for some 
fixed to G (0, r), then integrating (3.5) for (f>'^ with sufficiently small < e < to gives 



(3.6) W^''^^'' 



2 ''i-m) 



+ {n-l) I ^^^ds = t-to fortG[e,r) 

to Jto ^ 



If a = ±1, then letting 0+ gets ^'^^(t) ±1 for any t G (0,r). Set 

f _ l + 0Uio) 2(t-to)-2(n-l)/4 

then (3.6) implies = /,(t) and 

(3.7) 0,(i)_0,(to) = £||jl^d.. 

Thus one has (f)o{t) — 4>o(to) = ±{t — to) which contradicts with (poir) — </>o(0) = C. 
Therefore, (j)'^.{to) ^ a G (-1, 1), then by (3.7) and G C°'i((0,r)), we obtain 

(3.8) ct>o{t) - Uto) = ^ 77;^^^ fort>0. 

J to . , /I , X 2(s-to)-2(n-l) // ^S^dp 

Hence (p'oi^) exists everywhere in (0,r), and one gets 

1 -TTTT - t; log + [ 

l-(po{t) 2 1-a Jt^ 

Then (f)o{t) is continuous and 0o(t) exists everywhere in (0,r). Now (3.9) implies 



3.9 log^fii- log- + n-l / ^^ds = t-to. 

2 l-0o(*) 2 1-a Jtn s 



K = (1 - ('/'o)^) (l - V*^") 



The above equation shows that <^o is our desired smooth solution to (3.4). By Lemma 2.2, 
we know the uniqueness of the smooth solution to (3.4). 

2 

For C > one has 

— n—l ' 

Let Ki > be a constant with t/;ft:^(r) = C. Combining (3.2) and Lemma 2.2 gives 
^<(t>Q{t)<WKAt) on [0,r]. 

For C < and r < 1, one selects a negative constant K2 satisfying WK2{r) = C. If 
Kl > then (3.3) yields 

(3.10) JCwk, > , , >l = C(l>o. 

By Lemma 2.2, we have wx^i^) < <^o(*) < 7^ on [0,r]. □ 
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Let be a bounded domain in R" and <^ be a weakly spacelike function on J7. Let 
Fa{-) be defined previously. Clearly, sup^^c(ip,n) ^^i'^'j) is bounded, which implies there 
exists a sequence {uk} C C{ip,^l) such that liuii^^^ Ffi{uk) = sup^g(j(-^ Fn(ty). The 
equicontinuity of C{ip, fi) then gives a uniformly convergent subsequence Ufc. of maximizing 
sequence with Ufe. — )• G C(ip,Q). By the Appendix, Fq{uo) = sup^g(^(^^fj) ^^(it;) is 
maximal. 

The next result for translating solitons is similar to hypersurfaces with bounded mean 
curvature in Minkowski space, see Theorem 3.2 in [2] for example. However, the mean 
curvature of any translating soliton is unbounded (see Proposition 4.1). 

Lemma 3.2. If u is a weakly spacelike solution to the variational functional F. Let 
xo,xi E fl with the open line segment XqXi C O such that 

(3.11) u{xt) = u{xo) + t\xo — xi\ for tE [0,1], 

where Xf = xq +t{xi — a;o). Then (3.11) holds for allt eM. such that xt E ^ and xqxI C 

Proof. We prove it by following the steps of the proof for Theorem 3.2 in [2]. Suppose that 
(3.11) holds for Vt G [— 1], u{x_i) > u{xo) — ^\xo — xi\, \xo — xi\ < 1 and the Euclidean 
ball B2\xo-xi\{xi) CC CI. Let B = Bi^^^__^^^{xq), and let Ci and C2 denote the backward 
light cones with apexes at {xi,u{xi)) and {xo,u{xo)) respectively. Then we have 

u{x) > Ci{x) > C2{x) for any x eB \ {xt\ t G [-^,0]}. 

Combining u{x_i) > u{xq) — ^\xq — xi\ gives 

u{x) > C2{x) for any x G dB. 

Let wk be defined as (3.1) with sufficiently small negative number K, then 

u{x) > wk{\x — xo|) + u{xo) > C2{x) for any x G dB. 

But wk is strictly spacelike away from xq, so wx{\xt — xq\) + u{xq) > u{xt) for t G [— 1,0), 
and this contradicts Lemma 2.3 applied with Q, = B \ {xq}. 

A completely analogous argument holds if (3.11) fails for t>l. □ 
Let u be a smooth function satisfying (2.4) and gij,g^^ be defined as in § 2, then 
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Here we have adopted Einstein convention of summation over repeated indices. Denote 
V = ^1 — \Du\'^ as before. Hence 

g'^ {\Du\'^)ij =2g'^ {ukiUkj + UijkUk) 

=2g'^UkiUkj - 2g'P{upUkq + UqUkp)ukg''^ Uij 

(3.12) =2g'^UkiUkj - Ag'-^UpUkqUkg'^^Uij 

4 

=2g'^UkiUkj - ■^UkqUkg'^^UiUij 

=2g'^UkiUkj - ^g''^{\DuWi\Du\^)j, 

i.e., 

(3.13) 9''i\Du\%j + ^g'^{\Duf)ii\Du\^)j = 2g'^UkiUkj > 0. 



4. Convexity and Dirichlet problem 

In this section, wc always suppose that M = {{x,u{x))\ x G M"} is a smooth strictly 
spacclike hypcrsurfacc in M"^^ with u satisfying (1.3). Let V, divjvf and A be Levi-Civita 
connection, divergence and Laplacian operator on M with the induced metric from M""^^, 
respectively. Inspired by the 'drift Laplacian' on sclf-shrinkers, which was introduced by 
Colding-Minicozzi [5], we define a second order differential operator L by 

Lf = e"divM(e~"V/) for / G C^{R"). 

Let -El, • • • , En+i be the unit natural basis of R""*""^, and djf = Denote u be the unit 
normal vector field of M: . | „ ( Y^'Li UiEi + En+i) ■ Since 

i=i \i=\ I i=i ^i-\nu\ J 
= g (|/^ + ^^f^ j + (g ^'/^) ^"+1' 



(4.1) 



then one has 

1 " \D P 

and 

(4.3) (v^'W)= 
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(4.1) and (4.3) imply 

1 " 

(4.4) Lf =Af - {Vu, V/) = A/ - ^_ Yl ^^/^ = ^f + i^n+i, V/). 

i=l 

Proposition 4.1. The manifold M = {(x,u{x))\ x G M"} has unbounded mean curvature. 
Proof. Suppose that the mean curvature H is bounded, then there exists a positive 



constant S > such that v = yl — |i5up > 6. Recah that gij = Sij — UiUj and 
= Sij + xq^^- Let g = det Qij, then by (1.3) one has 



(4.5) 



Let Br be a ball in with radius r and centered at the origin. Let be a nonnegative 

Lipschitz function with r/]^ = 1, \Dri\ < ^ and ??|jgn\^2 ^ ^' ^^•^ ^ ~ (x,u(a;)) G M, 

wc set /^(x, u{x)) = rj{x). Denote ujn be the volume of ra-unit ball. Noting g^^Uj = jz^^^^j 
by (1.3) we have 



(4.6) 



i^" < / -dx < / ^vdx = / r]di{g''^^/gdju)dx = - / dirjg''^ djU^/gda 

J Br Jk." ^ JR" -/M" 



'B2r 

Selecting sufficiently large r, we get the desired contradiction. □ 
Proposition 4.2. Ifu>0 and Jj^^u'^e^^d/j, < oo, then M is noncomplete. 

Proof. Suppose that M is complete, then we could define a nonnegative Lipschitz function 
7/ in M satisfying 'r)\^ =1, IV77I < ^ and 'ri\M\D2 ^ ^ ^^■^ > 0. Here, Dr is a geodesic 
ball with radius r in M. By (4.5), we have 

Lu = Au- iVur = — - — ^ = 1 

then 

/ tie"" < / Ve"" = / uri^e-'^Lu = - [ Vu- V{uri^)e-'' 

JDr Jm Jm Jm 

(4.7) = - / jy^lVul^e"'' - 2 / urjV u ■ V rie-"" 

JM JM 

Jm f Jm 

Here the volume form d/i is omitted in the above integrations for notational simplicity. 
Passing to the limit as r ^ +00 we get u = 0, but this is not a solution to (1.3). □ 



y2 y2 
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We choose a local orthonormal frame field {ei, ■ • • ,e„} of M and let V be the Levi- 
Civita connection of M^"^^ as before. Let B be the second fundamental form and BeiSj = 
h{ei, ej)iy = hijV. Then the coefficients of the second fundamental form hij is a symmetric 
2— tensor on M and 

(4.8) hij = -l^e,ej,u). 

By (2.3), mean curvature H = J^i^n = yT^B^' ■^^'^'^^^ square of the second 
fundamental form l-BP = 4 h%. 

Lemma 4.3. Let hij and L be as defined previously. In the meaning of covariant, we have 

(4.9) Lhij = Ahij + {En+i,Vhij) = \B\^hij. 

Proof. By Ricci identity, one has 

(4.10) Ahij = hijkk = hikjk = hikkj + huRkikj + hkiRnkj- 

Combining Gauss formula Riju = —Kkhji + huhjk^see [6] or [18] for example) and (2.3), 
we have 

Ahij =Hij + hii{—hkkhij + hkjhki) + hki{—hikhij + hijhki) 
= — {{En+i, — Hhikhjk + \Bfhij. 



(4.11) 

Since 
(4.12) 

then 



Vei{h{ej,ek)) ={Veih){ej,ek) + h{Veiej,ek) + h{ej,Veie-k) 
=hjki + (Ve^ej, ei)hki + {Vaek, ei)hji, 



-{{En+l,y))ij = - Ve; Ve,. (-E„+i, v) + Vve.e,- {En+l,y) 

= - ^ei{{En+l,ek)hjk) + (Ve,ej,efc)(£^„+i, VefcZ^) 

= - {En+l,'^eiek)hjk - {En+l,ek){hjki + (S ei&i,ei)hkl 

+ {^eiek,e.i)hji) + {Veiej,ek){En+i,ei)hki 
(4.13) = — {En+i,i')hikhjk — {En+i,Ve^ek)hjk — {En+i,ek)hijk 

- {En+i, ek){Veiek, ei)hji 
= — {En+i, i^)hikhjk — {En+i, ei) {ei,'V eiek)hjk — {En+\,Vhij) 

+ {En+i,ek){ek, Veiei)hji 
=Hhikhjk - {En+i,Vhij). 
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Combining (4.4), (4.11) and (4.13), we complete the Lemma. 



15 
□ 



Let u be a smooth solution to (1.3) in M". For any constant h > infxeR'^ u{x), we 
denote 

Fh^u ={x G K'^l u{x) = h}, 

(4.14) 

nh,u ={x G M"| u{x) < h}. 
and call them the level set and the sublevel set of u, respectively. 

Now we restrict „ as a hypersurface in M". Let 7 be the unit outward normal vector 

of Tfi^u cind Ar be the Laplacian operator of F^^^. Let and V'*" be the Levi-Civita 
connections of F/j „ and M", respectively. If {f3i}^^i is an orthonormal frame of F/j^^, then 
the mean curvature of F/i_„ 

i 

At any point of F/i^„, 

Ar^u = ^ {PiPiU - (V^" /?i)tt) + 1*77 = XI (/^i/^j" ~ (V^./3i)tt) + Hru^ + Uyj 

(4.15) ' ' 
=Aru + Hyu^ + = Hyu^ + 1*77, 

and 

(4.16) UiUjUij = ^Uidi{\Duf) = ^Du ■ Du^ = ^d^u ■ d^u^ = u^u^^. 
Then combining (2.4)(4.15)(4.16), we have (compared to the Euclidean case[20]) 

(4.17) Hru, + = 1. 

Lemma 4.4. IfV^^u is a nonempty convex compact set inR" with mean curvature Hy < 1, 
then u is convex in i^h,u- 

Proof. Since Th,u is convex, then < Hy < 1. Combining \u^\ < 1 and (4.17), we have 

(4.18) Ujj = {1 - u'^){l - HyUj) > 0, 

which implies -D^'uL > 0. Let 7^ = Ei + UiEn+i be a tangential vector field in M, then 

' i h,u "-^i 

Let A(x) be the minimal principal curvature of the second fundamental form at the point 
X G M(see [6] or [19] for Ricci curvature). Then (4.19) implies AL > 0. If \{x) is not 

' ^ h,u 

nonnegative in Jl^^^, then there is a point po G ^h,u such that X{po) = mixefihu ^(.^) ^ 
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0. Choose a local orthonormal frame {cj} near po in ^ ai^d denote hij = h{ei,ej) as 
mentioned before. Let = '^iOiei\^^ be a unit eigenvector of the second fundamental 
form with eigenvalue X{po) at the point po, namely, h{9,9) = X{po)- Then we define a 
smooth function by 

f{x) = Y,hij\ QiQr 

/ attains the minimal value A(po) in a neighborhood of po- At the point by (4.9) we 
have 

(4.20) o<Lf = Lihi.eiOj) = L{hij)eiej = \B\^hijei0j = \B\^f < _ / < o. 

This is a contradiction. Therefore, {hij) is nonnegative in ^h,u, which yields the Lemma. 

□ 

Lemma 4.5. Let be a bounded convex domain with smooth boundary in R" and = 
{cxl X E il} for a G (0, 1]. If is a smooth strictly spacelike solution to (2.4) in Oq- with 
UalgQ = 0, then there is a constant 9 G (0, 1) depending only on the diameter of Q,, such 
that maxj^^ l-Dug-l <1 — 9. 

Proof. Let d = diam(r2) be the diameter of J7. For any fixed y G d^a, we assume y = 
(2/1,0- •• ,0) and C {x = {xi,--- ,Xn)\ - yi < xi < yi} with < yi < f- Let 
ip{x) = logcosh(xi) — logcosh(yi), then dp = 1, ip{y) = and ^{g^ < 0. Using Lemma 
2.2 for zinp, one gets 

fix) < Ua{x) < —f{x) for X G fla- 
Combining tfalgj^ = f{y) = gives 

\Dua{y)\ < \D^{y)\<tanhd. 
By the maximum principle for (3.13), we complete the proof. □ 

Now let us consider a Dirichlet problem, which may be inconvenient to be found out 
directly in general theories of PDE. 

Theorem 4.6. Let Q be a bounded convex domain with smooth boundary in M". Then 
the Dirichlet problem Cu = 1 in ^ with u\g^ = has a smooth strictly spacelike solution 
u on J7. 
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Proof. For / G C2'"(n), \Df \ <1 and a e (0, 1], we define by 
(4.21) Qaf = Yl {^ij + i-\DfP ) ~ 



If Ucr G C '"(ri) is a strictly spacelike solution to QaUcr = in O and Ucr\gQ = 0, then 
Ua G C°°{Q,) by standard regularity theory of elliptic equations. Let 0,^ = {ax\ a; G Q} 
and 

(4.22) u{x) = aua (^^) , 

then u is a smooth strictly spacelike solution to (2.4) in fio-. 

By Lemma 4.5, there is a constant 9 G (0, 1) depending only on the diameter of Q, such 
that maxQ^ \Du\ < 1 — 6. If the mean curvature of d^l satisfies < Hga < C\ for some 
Ci > 1, then 

< Hq^^ < ^. 

a 

Let 7 be the unit outward normal vector of dila-^ then by (4.18), we have 1-^ < %7 < 1. 
Hence, 



a 

is positive definite on dilf^, where / is a unit n x n matrix. Moreover, 1 — ^ < uu < C2 
for some C2 depending only on n, and 

{uijf < (^m + ^ - 1) (ujj + ^ - 1) < (<^2 + ^ - 1) for i 7^ j. 

Let hij be defined as (4.8), where we replace M by {{x,u{x))\ x G r^o-}- By the proof 
of Lemma 4.4, the matrix (hij) must attain its negative minimal eigenvalue and positive 
maximal eigenvalue on the boundary d^a- Combining (4.19) and maxj^^ ID^I < 1 — 0, we 
get that there is a constant C3 depending only on n, J7 such that 

maxuij{x) < — for i,j = l,--- ,n. 

(4.22) imphes max.-^ dijUa < C3. For some P G (0,1) there is a constant depending 
only on n,P,rt such that 



(4.23) 
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For any / G C^'^{Cl) with maxjy \Df\ < 1, the operator T is defined by letting u = Tf 
be the unique solution in C^''^^{Cl) of the linear Dirichlet problem (see [12] for example): 

Yl {^ij + 1 -fofl^ ) ""'^ -1 = inn, u\g^ = 0. 

If I ■ Ic7i,/3(Q) is a norm in Holder space C^'^(f2), then we may define a new norm || • || in 
C^'^{n) by 

11/11 =m_ax|i?/| + -^|/|^,,,(j^). 

Let 6 = {/ e C^'f^mi 11/11 < 1 - f } be a closed ball in C^'^(II). We define a mapping 
T* by 



T*f= { 



Tf if ||r/||<l-f 

I (i-i)pi if r/ii>i-!, 

then T* is a mapping from 6 to 6. By Arzela's theorem, T* is a compact operator 
in 6. By Corollary 11.2 in [12], T* has a fixed point w in 6. If \\Tw\\ > 1 — |, then 
w = T*w = aTw if a = (1 - f ) and ||w;|| = ||r*u;|| = 1 - f • The definition of T 

implies 

(^u + ^ ^\dw\^ ) ~ ^ = Q ^"^^ Am = ^- 

By (4.23), we have < 1 — + 2U^^I3 ~ ■'- ~ I' which is a contradiction. Hence, 
||rw|| < 1 — I and tf; = Ttf;. By the standard regularity theory of elliptic equations, w is 
our desired function. □ 



5. Entire spacelike translating solitons 



By [8], the elliptic equation (1.3) has a radially symmetric solution 'tp{r), where 'tp{r) G 
C^([0,+oo)) satisfies the following ODE 

(5.1) + = 1 for r G (0, +oo) 

with ip'iO) = in an appropriate coordinate system. By [16], up to an additive constant 

(5.1) has a unique smooth convex solution with ^ ^ < ip' < 1 for r > 0. Thus, for 
r > one has 

(5.2) r-n< ds < / ij;' {s)ds = tl;{r) - i/;{0) < r. 

Jo V + Jo 



ENTIRE SPACELIKE TRANSLATING SOLITONS IN MINKOWSKI SPACE 19 

Lemma 5.1. Let $7^ be a family of convex domains with smooth boundaries (80,^ may 
be empty), J7fc C fifc+i and Ufe>i ^fe = ^fc be a smooth convex strictly spacelike 

function to (2.4) in Qk- Denote Xf = x + t{y — x) for x,y E M". Suppose that there is a 

function W in M" satisfying 

lim sup j j < 1 

for any x ^ y £ M". If lim snpf.^^ \ukix) — W{x)\ < C for some absolute constant C and 
any x G M", then there is a subsequence of {uk} converging to an entire smooth convex 
strictly spacelike function u to (2.4) in M". 

Proof. By convexity of Uk and (2.4), we have 

1 \^ fx : diUkdjUk \ ^ o 

1 = 2^ [^ij + 1 _ |^^^|2 ) ^ij^k > duuk. 

For any i,j = l,--- ,n one gets 

[OijUk) < diiUkdjjUk < I — j 

There is a subsequence {uk^} of {uj} converging to u in C^{K) uniformly for any compact 
set K C M". Then u G C^'^(M") is a convex function with \Du\ < 1. Clearly, 

W{x) -C< u{x) < W{x) + C for each x G M". 

Let Q be an arbitrary bounded domain in M". By the definition of Fq,{-) in § 2 and the 
Appendix, there is a weakly spacelike function wq G C{u,Vt) such that 

F^{wo) = sup F^{w). 

For any e > 0, denote Jl^^ = {x G fi| Ukj{x) > wo{x) — e} and fi+ = {x e fl\ u{x) > 
wo{x) — e}. By Theorem 2.1 one has 

If the set Fg = {x G Q,\ u{x) = wo{x) — e} has positive n-dimensional Lebesgue measure, 
then for any open set C Fg, Fu^{wq — e) = Fu^{u). Since u^^ u'm. C-*^— norm, then 

at C liminf 0+ C limsupfi+ C 0+ U F^. 

Letting j oo gives 

(5.3) e'F^+{wo) = F^+{wo - e) < F^+{u). 
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If the set r = {x G 0| u{x) = wo{x)} has positive n-dimensional Lebesgue measure, then 
for any open set U C V, Fu{wo) = Fjj{u). Denote 0+ = {x ^ Q\ u{x) > wq{x)} and 
Q,~ = {x G r2| u{x) < wo{x)}, then 

n+ C Uminf C hmsupfJ+ C fJ+ U T. 
e-*-0 g_^o 

Let e ^ in (5.3), we obtain 

(tvo) < Fn+{u). 

By the same way, one gets Ffi-{wo) < F^-{u). Q = r2+ U fi" U F impUes 

Fn{wo) = Fn+{wo) + Fa-{wo) + Fr{wo) < Fa{u). 

Thus the definition of wq tells us that « is a weak solution to the variational functional F 
in any bounded domain Q. 

If there is x 7^ y G M" such that \u{x) — u{y)\ = \x — y\. Then by Lemma 3.2, we obtain 

(5.4) \u{xt) - u{x-t)\ = \xt - x-t\ for G M, 

where xt = x + t{y — x). The definition of W and W{x) — C < u{x) < W{x) + C 
imply that (5.4) is impossible. Hence \u{x) — u{y)\ < |x — y| for any x ^ y. Noting the 
convexity of n G C^'^(M"), wc get \Du\ < 1. The regularity theory of elliptic equations 
and u G C^'i(M") force that is a smooth solution to (1.3). □ 

Let Q be defined as in § 1 and Qq be the set that contains all linear functions through 

the origin whose gradient has norm one. Denote S"~^ be the unit sphere centered at the 
origin, then for any V £ Q \ Qq there is a closed set A C S"~^ containing two points at 
least, such that V{x) = sup;^g^(A,x) (see [4] for example). 

Theorem 5.2. For n > 2 and any V E Q \ Qo there is an entire smooth convex strictly 
spacelike solution u to (1.3) such that u blows down to V. 

Proof, (of Theorem 1.1). For any fixed positive constant K and V e Q \ Qo, let V{x) = 
max{F(x), |x| — K}, then 

lim Sf) = 1. 

|a;|->oo |x| 

Clearly, V{x) is a convex weakly spacelike function in R" with V{0) = 0. Let be a 
mollifier of V defined by 

(5.5) Ux)= [ p{y)V{x-ey)dy = \ j p ("^^ W(y)dy, 
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where e is a positive constant to be determined below and p is the function defined in § 2. 
Then 



(5.6) \V,{x)-V{x)\ 



p{y){V{x-ey)-V{x))dy 



< 



p{y)e\y\dy < e, 



and \DVe{x)\ < 1 by (2.6). Denote 0^^^ = {x e M"| V,{x) < h} and T^p. = dn^y^. 
The convexity of imphes that ^f^y is convex. Let {^i,-'' )Cn} be an orthonormal 
coordinate transform of {xi, • • • , x„} such that g|- is the outward normal vector of . 
For sufficiently large ^ > and each x eV^y , 



(5.7) 



\X\ \X 

where we have used the convexity of Ve in the second inequality of (5.7) 

Since 
(5.8) 



e Jk 



e 

x-y 



dyjV{y)dy, 



then one has 



(5.9) \dijV,{x)\ < - 



x~y 



dy<-[ \Dp{x)\dx = —. 
e Jbi e 



Here, C4 is a constant depending only on n. 

For any fixed 2/ € F^ ^ , selecting {^1, • • • , ^n-i} such that 

(%^jCn)(n-l)x(n-l)|j^ = diag{Ai, • • • , A„_i}. 

Since $7^ y is convex, then Aj < and d^iCn\y = for i = 1, • • • , n — 1. Taking derivations 
of the equation Vg(x) = h at y gives 



(5.10) 
and 



(5.11) + + 5^,^„K%en + 5€.^e%€,4n + 5?„«„V;%C„a^^4n = 0. 

From ^^^^n\y = 0, one gets 

(5-12) = -%K%«,?n = -5e„V;A,(5,,-. 
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The convexity of implies 

n— 1 n n ^ 

i=l 1=1 1=1 

Then for sufficiently large h the mean curvature of y satisfies 



(5.13) 



Let e = 2nC4, and denote $7^ = 0^^ for all sufficiently large k. Then we get a family of 
convex domains {^k} with smooth boundaries and < Hqq^^ < 1. 

By Theorem 4.6, there is a smooth solution Uk to (2.4) in Q,/^ with Uk\g^^ = k and 
jDufcl < 1 in fifc. Since \Hqq^\ < 1, then by Lemma 4.4, is a smooth convex strictly 
spacelike function in 0,^. By (5.6), \V{x) — Ve{x)\ < e, then for any x G we have 

(5.14) y(x) -t<Ukix) = k< V{x) + e. 

Let ip be the solution of (5.1) with ^''(0) = and V'(O) = 0. Combining (5.2) and \DV\ < 1 
a.e. gives 

(5.15) V{x) - V{y) <\x-y\< ipHx - y\) - ij;{0) +n = ^{\x - y\) + n. 

Combining (5.14) and (5.15) implies u^ix) < V{x) + e < V{y) + ipdx — y\) + n + e for 
X G dilk- By Lemma 2.3, we have Uk{x) < V{y) + ^l^{\x — y\) + n + e lor x & aiid each 
fixed y G M". Hence, 

(5.16) Ukix) < inf {V{y) + ilj{\x-y\)} + n + e<V{x)+n + e (oi x e Qk- 

There is a closed set A C S"~^ containing two points at least, such that V{x) = sup;^gy\^(A, x). 
Then (5.14) implies {X,x) — e < Uk{x) on dUk for every A G A. Applying Lemma 2.3 we 
get (A, x) — e < Uk{x) in Oj.. Similarly, for each A G S"~^, {X, x) — K — e < Uk{x) in Q^. 
Hence V{x) — e < Uk{x) in Oj. by = sup^gg„_i (A, x). Combining (5.16), we obtain 

(5.17) V{x) - e <Uk{x) <V{x) +n + e ioi x e Qk- 

There is a subsequence of {u^} converging to a convex weakly spacelike function uk 
uniformly in any compact set in R". Clearly, V{x) — e < uk{x) < V{x) + n + e for x G W^. 
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By Lemma 5.1 and the definition of we know that uk is an entire smooth convex 
strictly spacehke solution to (1.3). 

Note that V{x) = max{y(x),|x| — K} depends on K. Let {Ki\ be a sequence in 
satisfying Imii^ooKi = +oo. Let UKi be an entire smooth convex strictly spacelike 
function to (1.3) with 

max{F(x), |x| — Ki} — e < UKi{x) < max{y(x), |x| — Ki} + n + e in M". 

By Lemma 5.1 and the definition of F, there is a subsequence of {ux,} converging to 
an entire smooth convex strictly spacelike function u satisfying (1.3) in R". Moreover, 
V{x) — e < u{x) < V{x) + n + e for X G M", which implies 

lim ^ = V{x). 
r-^oo T 

Hence u blows down toV. □ 

By Theorem 1.2 in [16], if u is an entire smooth convex strictly spacelike solution to 
(1.3), then u must blow down to some function V in Q. Namely, F is a convex homogeneous 
of degree one function such that |L>F(y)| = 1 for any y G M"- where the gradient exists. 

Now, let us explore the extent of non-uniqueness for spacelike solutions for given pro- 
jective data at infinity. Compared to Theorem 2 in [19], we obtain a strong result for 
translating solitons. 

Theorem 5.3. Let n > 2 and f G C'^{S'^-^). Then there exists a unique entire smooth 
convex strictly spacelike solution u to (1.3) such that 



lim ( u(x) — \x\ — f(-r-r) 1=0. 



\x\- 

Proof. By Theorem 2 in [19], there are functions pi,P2 on §"~^ such that 
(pi(r7),C - V) < /(C) - fiv) < {P2{V),C- V) for C,r? G S"-^ 

Let tp be the smooth function satisfying (5.1) with ip'{0) = and limj.^oo (■0('') ~ i^) = 0- 
Let Zi{x,r]) = f{r]) - {pi{r]),r]) + ip{\x + pi{r])\) for x G M", 77 G S"~^ and i = 1,2. By 
lim^-^oo {tPiH + Pi{'n)\) - r) = {pi{v),0 uniformly for ^,77 G S'*~\ we have 

lim (zi{r^,r]) -r) =/(??)- (pi (??),??) + lim (V'(k? + Pi(??)|) - r) 

(5.18) 

=f{v)-{Pi{v),r]) + {Piir]),0<f{0- 
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Similarly, we have /(^) < limj._).oo {z2{r^,'r)) — r), where equality holds when ^ = rj. Let 
qi{x) = sup^g§n-i zi{x,r]) and q2ix) = inf^ggn-i Z2{x,i]), then linir^oo ~ r) = /(^) 

uniformly for ^ G S""-*^ and z = 1,2. Hence, there is a continuous function s(r) > with 
s(r) — )■ as r — )• oo such that 



(5.19) gi(re)_s(r)<r + /(0<g2(r6 + s(r) for any ^ G S' 

We extend / to / by /(x) = /(j^) for > 1. A simply computation shows 

+ /») =1 - ]p + E 1^ - ^) (^0- - ]p) 



(5.20) 



For any a = (ai,--- ,a„) G ^ with (a, x) = and sufficiently large \x\, we have 
+ f{x))xiXj = and 



1 _ 2 



Hence, the matrix (9jj(|x| + /(x)) ) could be diagonal to diag{0,/xi, • • • with 

V / nxn 

2]^ <Mi^]f|forl<?<n— 1 and sufHciently large 
For e > 0, let 

feix) = J p{y) (\x - €y\ + f{x - ey)) dy. 

Then fe{x) is convex for sufHciently large |x| and Fjt = {x G M.'^\ \x\ + /(x) = A;} has the 
mean curvature < H^^ < ^^"^'^^ for large k. 

Denote Bi be the ball with radius 1 and centered at the origin in M". Since /e(x) — > 
|x| + /(x) in C'^{K) for any compact set K C \ then there is a sufficiently small 
e/c > such that the mean curvature of the boundary of the smooth convex domain 
rijfc = {x G M"| /efc(x) < k} satisfies \HgQ^,\ < 1 for each sufficiently large k. And we can 
assume limfe_^oo = 0- 

By Theorem 4.6, there is a smooth solution Uk to (2.4) in 0,^ with Uk{x) = k on d^k 
and l-Ditfcl < 1 in Q^. Due to \HQfi^ \ < 1 and Lemma 4.4, Uk is convex. Similar to (5.6), 
one gets 

\uk{x) - \x\ - /(x)| = |/efc(x) - |x| - /(x)| < Ck for X G SOfe. 
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Then for any G dQk, combining (5.19) gives 

Qi{rO - s{r) -ek<r + f{0 - Cfe < Uk{rO <r + /(O + Cfe < q2{rO + s{r) + e^. 
Hence by Lemma 2.3 and the definitions of qi,q2 we conclude 

qi{x) - sup s{\x\) - ek< Uk{x) < q2{x) + sup s(\x\) + 

for any x G $7^ and sufficiently large fc. By Lemma 5.1, we get an entire smooth convex 
strictly spacelike function u satisfying (1.3) with gi(x) < u{x) < q2{x), which implies 

(5.21) lim (u{x)-\x\-f{j^)]=0. 

|a;|— >cxD \ \x\ J 

By Lemma 2.2, we know the uniqueness of the solution to (1.3) satisfying (5.21). □ 

6. An APPLICATION TO THE CONJECTURE OF AaRONS 

Up to a scaling we can assume a = 1 in the equation (1.5), namely, 

/ N . f Du \ 1 

(6.1 div , = , + c. 

\^l-\Du\''J VI - 

In this section, we only consider the case c > 0. Using the notations in § 2, (6.1) is 
equivalent to 

(6.2) H = c-{u,En+i), 

and jCu = 1 + c-^1 — Moreover, (6.1) in Q is the Euler-Lagrange equation of the 

variational problem sup^^(^(^^ Q^ Fc,ci{z)- Sometimes, we denote Fc^q by Fc for simplicity if 
there is no ambiguity in the text. Let v = \/l — ID-up. Compared to Theorem 2.1, one 
has 

Theorem 6.1. Let CI be a bounded domain in M" and u be a smooth strictly spacelike 
solution to (6.1) in Q. Set M = {{x,u{x))\ x E and S = {(x, ^^(x))! x G f2} with 
w G C{u, J7), then 

(6.3) f e-"' (^^/l-\Dw\^ + cj dx < j e"" ( ^T^^D^ + c) dx, 
where the above inequality attains equality if and only ifT, = M. 
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Proof. We only need to make a few changes in the proof of Theorem 2.1. Define the vector 
field Y by EILi ^e-'^^+^Ei + {I + c) e-^^+^K+i, then 

(6.4) di^(y) = (^) - - + ' 

If ^ = (^1, • • • ,^n+i) is a timelike future-pointing vector in M""*"^, then 

j=i ^ ' 



(6.5) 



i=l 



i=l 



By following the steps of the proof for Theorem 2.1, we complete the proof. 



□ 



With Theorem 6.1 and the proof of Lemma 2.3, we obtain the following result. 

Lemma 6.2. Let u he a strictly spacelike function to (6.1) in with u\q^ = ip. Let Lp\^ 992 

he weakly spacelike functions in 0, and Wi < c, W2 > c are continuous functions in If 
Wi G C{(pi,n) and Fwi,a{wi) = sup^gc(<^i,a) Fwi,niw) for i = 1,2, then 

u{x) < wi{x) + sup ((^ — (fi) for X G O 

(6.6) 



an 



u 



{x) > W2{x) + i^ (jf — 1P2) for X G ri. 



Theorem 3.1 and its proof tell us that for any constant C G (— r, r) and r > 0, the 
following ODE: 

~ ^' = 1 + cVl - {(t)')^ fortG(0,r), 



(6.7) 



1 - {cj)'y ^ t 

^ (f){r) = C, 0(0) = and < 1, 

has a unique smooth solution 00 in (0,r). Furthermore, if (l + c)r^ < (n — 1)C and Ki > 
is a constant with WKi{r) = C, then using Lemma 2.2 gives 

C 

—t < Mt) < yJKiit) for t G [0, r]. 

If C < 0, r < j^, < is a constant with wxiir) = C and K2 > \_(^i^^y2j.i , then 
using Lemma 2.2 gives 

C 

WK2{t) < (t>o{t) < —t fortG[0,r]. 
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Hence we have Lemma 3.2 for the functional F^, which could enable us to arrive at the 
following Lemma similar to Lemma 5.1. 

Lemma 6.3. Let 0,^ he a family of convex domains with smooth boundaries (80,^ may 
he empty), fife C J^fe+i and IJfe>i ^fc = Let he a smooth convex strictly spacelike 
function to (6.1) in Q,k- Denote Xf = x + t{y — x) for x,y E M". Suppose that there is a 
function W in satisfying 

lim sup j j < 1 

t^+oo \Xt - X_t\ 

for any x / y € M". //limsupjt_>.oo \ukix) — W{x)\ < C for some absolute constant C and 
any x G M", then there is a subsequence of {u^} converging to an entire smooth convex 
strictly spacelike function u to (6.1) in M". 

Since g'^^Uij = 1 + c^/l — l-D-up, then compared with (3.13) one has 

(6.8) g''{\Du\% + ^g'^{\Du\%{\Du\'')j + ^Ui{\Du\% = 2g'^UkiUkj > 0. 
Let L be a second order differential operator as previously defined by 

Lf = e"divM(e~"V/) for / G C^iW"). 

Let B be the second fundamental form and Bg^g. = hijV as § 4. After few modifications 
in the proof of Lemma 4.3, we have 

(6.9) Lhij = \B\'^hij - c^^hikhjk- 

k 

If we consider the level set of u satisfying (6.1), then comparing to (4.17)(4.18) gives 

(6.10) Hru^ + = 1 + c^l-u% 
which implies 

(6.11) u^^ = (1 - u^) {l + c^l - u2 - Hru^^ . 
In view of the proof of Lemma 4.4, we have 

Lemma 6.4. If u is a smooth strictly spacelike solution to (6.1) in 0,h,u o,nd T^^^ o, 
nonempty convex compact set in with mean curvature Hy < 1, then u is convex in 
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By [17], the elliptic equation (6.1) has a convex radially symmetric strictly spacelike 

solution i/}{r), where V'(r) G C°°{['^,+oo)) satisfies the following ODE 

7//' f, — 1 , 

(6.12) + — = 1 + - (V-O' for r G (0, +00) 

with ijj'{0) = in an appropriate coordinate system. Owing to the estimate of ip' in [17], 
V'(r) — ■0(0) is uniformly bounded. Particularly, the ODE 

0" = (1 - (tp'f) (l + cVl - {ip')^) for r e (0, +00) 

has a smooth strictly spacelike solution. Let be a domain defined in Lemma 4.5, if 
is a smooth strictly spacelike solution to (6.1) in ri^- with ^^1^^^ =0, then the gradient 
of Ucr is uniformly bounded. Let 

If the maximal eigenvalue of the matrix (hij) is a sufficiently large positive number in any 
bounded domain ^1, then it must attain this maximal eigenvalue on the boundary by 
the equation (6.9). Combining (6.11) and Lemma 6.4 we follow the steps of the proof for 
Theorem 4.6 with corresponding modifications and obtain the following Theorem. 

Theorem 6.5. Let ^ be a bounded convex domain with smooth boundary in R". Then 
the Dirichlet problem Cu = 1 + c^Jl^^\Dl^!\^ in Q, with u\q^ = has a smooth strictly 
spacelike solution u in ft. 

In conjunction with Lemma 6.2, Lemma 6.3, Lemma 6.4, (6.12) and Theorem 6.5, now 
we could construct many solutions to (6.1) along the proof of Theorem 1.1. 

Theorem 6.6. For n > 2 and any V E Q\Qo there is an entire smooth convex strictly 
spacelike solution u to (6.1) with c > such that u blows down to V . 

7. Appendix Semicontinuity for concave functionals 

Let {u^} be a sequence of weakly spacelike functions which converges to uq G C{ip,Q) 
uniformly. Without loss of generality, we assume uq weakly in Sobolev space H^iyt). 

Since locally Lipschitz functions are differentiable almost everywhere, then by the theorems 
of Egorov and Lusin, for any 5 > Q there is an open set i7 C such that the measure of 
f2 \ f2 is less than 5 and u^, uq G C^(S7) for all k>l. 
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For < e < 1, the concavity of ^1 — |pp gives 

(7.1) y/l - .'\Du,\' - VI - ^^\Du,\' < - ^'°7 ■ - in a 
In fact, the inequaHty (7.1) is equivalent to 

(7.2) Vl - e^l^^olVl - e^l^^^fcP < 1 - ^^Duq ■ Duk- 

The inequality (7.2) is just the reversed Cauchy-Schwarz inequality (see[18] for example). 
Then 

/ 6""'= y/l - e^\Duk\'^dx 
Jci 

= / e-'">^/l-e^\Duk\'^dx + / (e""* - e-""")^! - €'^\Duk\^dx 
Jn Jn 



(7.3) 



-uo e • ^(Wfc - Wo) 



./n Jn a/1 - e''|-D«or 

+ £ - e-''°)^yi-e'^\Duk\'^dx. 

Jn 



Hence, we obtain 

Km sup / e""*^ y/l - \Duk\'^dx < lim sup / e~"'= y/l - e^\Duk\^dx 

^ ^ k^oo Jfl fc— >oo Jfl 

< fe-''°y/l-€^\DuQ\'^dx. 
Jci 

Let e ^ 1~, then 

(7.5) lim sup / 6""'= y/l - \Duk\'^dx < [ e""" y/l^^jD^dx. 
By the choice of f2 and (7.5), we conclude that 

(7.6) lim sup / e-"Vl - \Duk\'^dx < / e'^'Oy/l - \Duo\'^dx. 
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